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A mean free path gas kinetic theory is used to model the conductive heat transport 
of a gas within a void volume enclosed in a Fourier solid. A variational upper bound 
principle is derived fo r  a void of arbitrary shape and applied to obtain a rigorous 
upper bound equation for  the void gas conductivity in a spherical void. The vari- 
ational void gas conductivity equation is exact in both the large and small Knudsen 
number (Kn) limits and provides a means to determine the accuracy of the reciprocal 
additivity interpolation formula as applied to thermal conductivity rather than dif- 
fusive mass transfer (maximum error 6% at Kn = 0.5 and a = I ) .  Temperature jump 
will occur even at atmospheric pressures and higher for  sufficiently small thermal 
accommodation coefficients ( a  < 0. I 1. Experimental void gas heat conductivities 
us. pressure data fo r  H2, He, Ne, N2, C02, and F12 in a polyurethane foam are 
compared with theoretical mean free path void gas conductivity us. inverse Knudsen 
number curves drawn for  various a. Estimates of the thermal accommodation coef- 
ficients for  the gas- polyurethane surface exhibit a maximum with increasing mo- 
lecular mass of the gas molecules, which qualitatively agrees with the predictions 
of Bade’s classical theory. Results also point to a rather sharp shift of the S curve 
to higher pressures with decreasing thermal accommodation. 

Introduction 
The thermal design of low temperature production (Hands, 

1986) and storage systems (Kramer et al., 1984) requires the 
use of special thermal insulations and a knowledge of their 
thermal conductivities. Multilayer insulation (Timmerhaus 
1975), consisting of alternating layers of highly reflecting ma- 
terial and a low conducting spacer under high vacuum, provide 
the best cryogenic insulation with conductivities normal to the 
layers as low as lo-’ W/mK, but are costly (Barron, 1985), 
difficult to apply to complicated shapes, have a high lateral 
conductivity, and experience structural deterioration (Tien and 
Streton, 1987). Powder or fibrous insulation, which realize 
some of the benefits of multiple shields without the expense 
and structural complexities, but with a one- or two-order re- 
duction in thermal effectiveness, are more commonly found 
in commercial applications. Foams (Boetes and Hoogendorn, 
1987) with the advantage of low density and high compressive 
strength, are also widely used in low temperature insulation. 
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in a 

For efficient cryogenic insulation the void gas within the 
insulator space is maintained at lower pressures between the 
continuum and Knudsen plateaus. Under these conditions, a 
modest decrease in pressure significantly lowers the void gas 
conductivity (Kaganer, 1969). The Knudsen conductivity limit 
and the entire S curve decrease with pressure from bulk to 
Knudsen conductivity both feature their dependence on the 
pore structure and the gas-solid surface interaction. Gas con- 
ductivities in each of the various cryogenic insulations men- 
tioned in the first paragraph will have different S curves and 
Knudsen plateaus (Zheng and Strieder, 1994). Further, any 
prediction of a shift- of the S curve to higher pressures with 
change in the thermal energy surface accommodation or solid 
dispersion geometry would be of great interest. Thus, expres- 
sions for the low-pressure transition region gas conductivity 
within the cells of a foam or the void regions of powder and 
fibrous insulation would be useful. 

The low-pressure gas conduction in cryogenic insulation re- 
quires a kinetic theory of gases for an analysis. Kennard (1938), 
using an approximate temperature jump method, derived a 
void gas conductivity A,, which can be written in the form of 
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a series addition of the higher pressure continuum A, and low- 
pressure Knudsen X K n  gas thermal conductivities: 

A; '(series) = A; I + hi,,' 

with the Knudsen conductivity given by: 

The heat capacity ratio y is cP/c, ,  and k is the Boltzmann 
constant. The effusive mass driving force II.[ = P ( 2 ~ r n k T )  -'',I, 
a constant across the cryogenic insulation, is customarily eval- 
uated at an average pressure and temperature 7. Values 
(Springer, 1971) of the thermal accommodation coefficient a 
can run from 0.017 for He on clean Tungsten at 30"C, 0.29 
for H, on glass at 25"C, up to 1.0 for H2 on glass at - 170°C. 
Kennard's derivation contains a number of limiting assump- 
tions, is done only for the slip region near the continuum 
pressure limit, and assumes an unrealistic model void geom- 
etry, heat flux between two infinite parallel plates. Equations 
1 and 2 have been used by many to estimate void gas transport 
in polymeric foams (Kaganer, 1969; Pleasant, 1986), as well 
as granular systems (Wakao and Vortmeyer, 1971; Cun- 
ningham and Tien, 1977) and fibrous insulation (Kaganer, 
1969). In such cases, the plate separation 6 in Eq. 2 is usually 
replaced, ad hoc, by a characteristic length parameter of the 
pore structure. 

In this article, we will develop a kinetic theory for low-pres- 
sure gas thermal conductivity within closed voids, based on 
the mean free path model of gaseous transport (Ho and Strieder, 
198 l), appropriate for cellular foam insulation. A variational 
upper bound principle for any enclosure geometry that includes 
both the Fourier thermal profiles in the surrounding solid and 
kinetic theory gaseous heat transport in the void is derived. A 
spherical void of radius a is a sufficiently straightforward ge- 
ometry to illustrate the value of the variational method and 
gives an analytical gas conductivity equation in terms of the 
thermal accommodation coefficient a, the Knudsen number 
(Kn = P/2a), and the continuum conductivity ha. The equations 
generate the familiar S curves with pressure for various a ,  
along with some interesting and useful quantitative informa- 
tion. Temperature jump can occur at the void-solid interface, 
and should be included in the boundary conditions, even at 
atmospheric pressures for sufficiently small thermal accom- 
modation coefficients (a <O. 1). In general, the reciprocal ad- 
ditivity of Eq. 1 is a reasonably good approximation in thermal 
conductive transport, but does give a measurable error (Figure 
1) for higher accommodation coefficients and at gas pressures 
near the center of the transition region. Experimental gas con- 
ductivities vs. pressure S curves, measured by Harper and El 
Sahrigi (1984) for H2, He, Ne, N2, CO,, and Freon 12 in a 
polyurethane foam, lie within the a range predicted by the 
model (Figure 4), and exhibit some of the expected trends in 
01 with molecular structure. 

Fundamental Equations 
One of the simplext kinetic theory models for gaseous trans- 

port, the elementary mean free path model of gas kinetic theory 
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Figure 1. Ratio of the series additivity interpolation for- 

mula estimate of the transition region void gas 
conductivity to the variational mean free path 
conductivity of Eq. 44 vs. the inverse Knudsen 
number Kn-' (=  2alP) for thermal accommo- 
dation coefficients a. 
The transition A,, bulk A,, and Knudsen void gas conductivities 
AKn all come from Eq. 44 for a spherical void. 

(Pollard and Present,l948; Ho and Strieder, 1980; 1981), as- 
sumes gas molecules leave a molecular collision isotropically, 
and the fraction of molecules that are ejected from a small 
void volume after molecular collision within that volume, and 
travel a distance p or greater before collision with another 
molecule, is exp[-p/P], where P is the mean free path for 
molecule-molecule collisions. If in addition explicit boundaries 
are present (Pollard and Present, 1948; Present, 1958; Ho and 
Strieder, 1980) which reflect according to the laws of diffusive 
reflection, the thermal motion of "tagged" molecules in a pure 
gas within a void space of average pore diameter 2a from 
Knudsen conduction (P >> 2 4  to continuum transport (P << 2a) 
and arbitrary void size and shape can be treated. 

In order to describe the steady-state heat transport within 
the void of a void-solid system, variables are introduced de- 
fining the energy transport of the gas streams. E, (_r )  represents 
the energy flux incident to a unit area on the void-solid interface 
located at _r, due to the gas molecules arriving at the surface. 
E, ( _ r )  is the total energy flux of gas molecules leaving the unit 
area element of void wall at the surface point 1, and E ,  ( _ r )  is 
the energy flux a gas stream departing the same element would 
carry, if it were issuing from a gas in thermal equilibrium at 
the solid surface temperature T, located at _r. Also, E+ (1) is 
defined to be the total energy of the gas molecules that undergo 
molecular collision within a unit void volume at _r and are 
isotropically emitted from that volume per unit time. To write 
energy balances in the void and on the surface in terms of E, 
and E,, the probabilities associated with each molecular free 
path are introduced following the work of Clausing (1929), 
Chambre (1960), Strieder (1971), and others. These probabil- 
ities have been used successfully in the past to calculate mass 
diffusion rates for a wide variety of model pore structures. A 
molecular free path begins with a collision, the molecule then 
traces out a straight line trajectory, and finally the free path 
ends with a subsequent collision. As the beginning and ending 
collisions occur with either a surface or another gas molecule, 
four types of free path probabilities are possible. 
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K l ( c ,  _r ’ )d2  _r is the probability that a molecule leaving a 
collision with a pore wall at _r’ will experience its next collision 
within the wall surface element d2_r located at _r. 

K 2 ( c ,  _r’)d2 _r is the probability that a molecular free path 
which begins with a molecular collision in a unit void volume 
located at r‘ will end with a pore wall surface collision within 
d2_r at _r. 

K 3  ( L, _r’ )d’ _r is the probability that a molecule just leaving 
a collision within a unit element of pore wall at _r’ will have 
its next collision with another molecule in the void volume d3_r 
located at _r. 

K4(_r, _r‘)d3 _r is the probability that a molecule which begins 
a free path with a molecular collision in a unit void volume 
located at _r’ will next collide with another molecule in the void 
volume d3_r located at _r. 

Since cosine law diffusive scattering at the pore walls and 
self diffusion in the gas are assumed, the free path probabilities 
can be calculated from elementary kinetic theory (Pollard and 
Present, 1948; Strieder, 1971) with 

K, (L ,L ‘ )  = (47rPp2)-lexp(-pP-’) (6) 

where p = _r‘ - L, and TJ (_r )  is a unit normal located at the point 
_r pointing away from the solid into the void. Note that any 
of the K probabilities is zero when the straight-line molecular 
free path between _r and _r’ is blocked by intervening solid 
material. While all the K functions are positive, only K I  and 
K4 remain unchanged with L and _r‘ are interchanged: 

while K2 and K ,  follow the rule: 

with: 

Suppose now that a large solid slab (Figure 2) of total volume 
V consists of an enclosed void volume V, and a solid-phase 
volume V,. The ends of the slab are coincident with planes 
located at x = 0 and x = L ,  and ! is a unit vector pointing across 
the slab in the positive x-direction. The interfacial area C be- 
tween the two phases makes up the void-solid interface. The 
energy flux of gas molecules issuing from a gas in equilibrium 
at the surface temperature (Shidlovsky, 1967) is: 

20 

T O  

+i 
x = o  

Figure 2. Spherical void volume. 

=L 

TL 
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insulation. The accommodation coefficient, which is a measure 
of the fraction of energy that is transferred from the gas upon 
collision to the solid is defined in terms of E,, E,, and E, 
(Shidlovsky, 1967) as: 

Relating the incident energy flux E, with the temperature T 
and the departing energy flux E, by combining Eqs. 9 and 10 
gives: 

(11) 
1 y + l  
2 7 - 1  E, = a - - k$T+ (1 - a)Ei ( _r on C) 

The various E functions are determined from local steady-state 
heat balances using the K probabilities (Eqs. 3-6). 

Of the departing molecules with eriergy flux&([’ ) d 2 ~ ’  leav- 
ing d2_r‘ on Cat  _r’, only the fraction K,(_r, _r’)Er(_r’)d2_r’ will 
arrive at a unit area at _r on C without collision; and of the 
molecules leaving the volume element d3_r’ located at _r ’  after 
collision in that volume with the associated molecular energy 
outflow E+(_r’)d3[’ per unit time, only the fraction K2(_r, 
_r‘)E4([‘)d3_r‘ will arrive directly onto a unit area at _r on C 
without an intervening collision. Then the total incident energy 
flux of gas molecules at _r on C is: 

1 y + l  
2 y - 1  

E , = -  - k$T. (9) 

As in Eq. 2 the effusive mass driving force $ and heat capacity 
ratio y( = c,,/c,,) are constant in the void space of a low-pressure 
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When the incident flux Ei from Eq. 1 1  is substituted into Eq. 
12, and E, is subtracted from both sides, an integral equation 
in terms of E,, E,, and T is obtained: 



where and 

the product of the particle density n and mean thermal speed 
u,  as well as C itself can be considered as a constant. A similar 
energy balance can be written for molecules undergoing mo- 
lecular collision in a unit volume of void space V, at any point 
1:. Of the molecular energy flux Er(c’)d2r’ from molecules 
leaving d2_r on C, only the fraction K3(c, [ ’ ) E r ( ~ ‘ ) d 2 ~ ’  will 
trace a single free path to  the unit void volume located at 1: 
and make the next collision in that volume. Of the energy 
outflow per unit time Em (r’)d3c’ from molecules leaving d’r‘ 
after experiencing a molecular collision in that void volume 
element, only the fraction K4(cr c‘)E,(c’)d3c’ will travel a 
straight line and arrive at the unit void volume at _rand undergo 
a molecular collision. Then a steady-state balance of the mo- 
lecular energy from those molecules arriving and colliding in 
the unit void volume is: 

- 

The steady-state energy balance within the solid V, is given 
by Fourier’s law: 

with a solid conductivity A,, and the local solid temperature 
T Q ) .  The thermal boundary condition equating the net energy 
flux from the surface C at _r to the normal flux from the solid 
is: 

where 12 points away from the solid. In terms of E, and T from 
Eq. 1 1 :  

Finally, Eqs. 13, 15, 16, and 18 together with the bed and 
boundary conditions that: 

(19) 

are in principle sufficient to  solve for E,, E,, and T exactly, 
but in practice outright solutions are difficult. 

In the equilibrium limit of no heat transport, when To- TL 
is set to zero, the heat transport balances of Eqs. 13 and 15 
are simplified. Strieder (1971) has proven the following integral 
equations always relate the K probabilities: 

K2(~,_r‘)d3~‘ (_r on C) (20) 

where xz is given by Eq. 8. Note, the symmetry conditions of 
Eqs. 7a, 7b, and 7c on the K free path probability functions 
were used to obtain the final forms of Eqs. 20 and 21. Equation 
20 is the probabilistic statement that a molecule leaving the 
pore wall surface C at  r must go directly to  another surface or 
void volume before experiencing another collision. Equation 
21 states in probabilities that a free path, which begins with 
a molecular collision in the void, must end either on a surface 
or with another molecular collision. These geometrical rela- 
tions Eqs. 20 and 21, together with Eqs. 9, 15, and 17 require 
an equilibrium constant temperature To in the solid: 

and with Eqs. 1 I, 12, and 13: 

Equations 20-23 will be used in deriving the variational prin- 
ciple and as conditions for the energy flux trial functions. 

Variational Formulation 
A variational upper bound on the net heat flux Q ,  averaged 

perpendicular to  the x-axis over any total cross section of the 
slab will be derived in this section for arbitrary void geometry. 
For steady state the net average heat flux Q across both the 
planar surfaces C, and E L  located at  x =  0 and x =  L is the same. 
The dot product of Q with C (  To- T , ) L - ’ j  can be written in 
terms of a surface integration over C, and CL as: 

where g points away from the slab, the boundary condition 
(Eq. 19) has been used and: 

The upper bound on the heat flux is based on the variational 
functional: 

a + x ’ - - s  d2r[Er*(r) - C T * ( r ) y  
1-a 

r r  

I P  

1290 August 1994 Vol. 40, No. 8 AIChE Journal 



where the trial temperature T *  must be continuous, piecewise 
continuously differentiable in V,, and satisfy the bed end 
boundary conditions: 

To ( x = O )  
TL ( x = L )  

T ' ( r ) =  (27) 

As the free path jump probabilities K , ,  K,, and K4 by Eqs. 3, 
4, and 6 are always positive or zero, the quadratic form (Eq. 
26) is positive. 

To establish the variational upper bound, trial functions for 
E,*, E,*, and T *  are substituted into Eq. 26 in the form of 
the exact solutions (E,, E, and T )  plus the variation (6E,, 6E,, 
and AT). Such a substitution will generate from A three parts, 
a zeroth-order A (E, ,  E,, T I ,  a first-order 6A, and a positive 
second-order term 62A in the variation. Collecting all first- 
order terms in 6 from Eq. 26, using the symmetry conditions 
(Eqs. 7a and 7b) for K ,  and K4 along with the interchange 
formula (Eq. 7c) for K2 and K,, integrating the first integral 
in 6A from Eq. 26 by parts, and applying the divergence theo- 
rem in V,, we have the first-order expression in the variation: 

- x2C d 'r6T( L )  V * [AsV T( c ) ]  s, 

Note also, the K ,  - X'K, probability 

(28) 

sum (Eq. 20) provides a . . _ _  
coefficient of one for E,( L )  in the bracketed integrand term 
of the second to last integral in Eq. 28, while the x -*K3 - K4 
probability Eq. 21 gives a unity coefficient for E+(_r) in the 
bracketed sum of the last integral of Eq. 28. To see that all 

first-order terms vanish, the second integral is zero because 
T *  must satisfy boundary conditions (Eq. 27) such that 6T=O 
on end boundaries. The third integral in Eq. 28 is identically 
zero by Eq. 16, the first and fifth integrals combine to vanish 
with Eq. 18, the fourth and sixth integrals cancel because of 
Eq. 13, and the seventh integral is zero from Eq. 15. From 
the interpretation of K's as probabilities, the integrals in the 
variational principle (Eq. 26) and hence 6'A are clearly positive 
and since all first-order terms in the variation of A vanish, 
that is, 6A=O, the variational principle is indeed an upper 
bound with: 

To relate A(E, ,  Em, T )  to the heat flux Q ,  one can start 
with Eq. 26 in terms of E,, Em, and T ,  and repeat the same 
steps used to derive Eq. 28, except that the second integral will 
not be zero. Alternatively, the derived form of Eq. 28 with 
26T, 26Er, and 26E, replaced, respectively, by T,  E,, and Em 
is A [ E r ,  E,, T I ,  as above all terms vanish except the second 
integral, and the second integral in A ( E,, Em, T )  is just - x2Q.  0 
by Eq. 24. The variational upper bound on the heat fluxis, 
therefore: 

- x 2 Q . 0 = A ( E , , E , , T )  _ _  SA[E,*,E,*,T* ) .  (30) 

An effective thermal conductivity A, for the slab can be defined 
as I Q/O I ,  and from Eq. 30: 

If the exact solutions T ,  E,, and E, are substituted into the 
upper bound, (Eqs. 26-31), then the exact effective conduc- 
tivity is calculated; otherwise, the result is an upper bound on 
the effective conductivity. 

Trial Functions and integrations 
In this section a variational equation for the pore gas con- 

ductivity for a single spherical cavity (Figure 2) will be cal- 
culated from the variational principle (Eqs. 26-31) for the 
effective conductivity of a thick slab of solid phase s sur- 
rounding a single spherical void containing a gas phase g. A 
suitable trial function for the temperature in the solid is sug- 
gested by the solution of the thermal conduction problem: 

T * = T + ~ . R + ~ ( u / R ) ~ - ' ~ . &  (&in  V,)  (32) 

where is the average temperature across the void, e is the 
temperature difference across the slab, a is the spherical void 
radius, R is a radial vector in the void drawn from its center, 
and E is a very small positive parameter that guarantees con- 
vergence of the variational integrals of Eq. 26 in V,. 6 is even- 
tually neglected. When As and A: are the Fourier thermal 
conductivities, respectively, of the s and g phases, the form of 
Eq. 32 is exact and the parameter r takes the form: 

(33) 
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However, for arbitrarily low gas pressure in the void, the form 
of {is determined by optimization of the variational integrals. 
The temperatures in the interface condition (Eq. 18) refer to 
those of the solid, hence from Eq. 32 substituted into Eq. 18: 

- 9 is a unit normal on C pointing into the void. Rather than 
imposing a value on w in terms of { from Eqs. 18 and 32, we 
will allow the optimization of the variational principle to  select 
w ,  since for a physically appropriate trial function, this will 
always give us the correct w value. The gas temperature in the 
void is not necessarily con&uous with the solid temperature 
a t  the void-solid interface. While temperature jump is usually 
associated with lower pressures (Present, 1958), it can occur 
even at atmospheric pressures if the thermal accommodation 
coefficient a is sufficiently small. Within the void, we use the 
equilibrium conditions (Eq. 23) to  relate the trail E,* to  the 
trial gas temperature Tg*. Laplace's equation suggests a linear 
temperature profile in the gas void space and: 

E,*=x2CTg*=x2C[T+v(l+{)@.l?] (4 in V,) (35) 

but unlike the T' from Eq. 32 the variationally optimized 
parameter v in Eq. 35 will account for temperature jump and 
should range in value from zero to one. 

When the trial functions (Eqs. 32, 34, and 35) are substituted 
into the variational principle (Eq. 26), five types of integrals 
are found. Owing to the simple geometry of the spherical void 
and the appropriateness of the trial functions, the evaluation 
of these integrals is straightforward. The single solid and sur- 
face integration, the first two integrals listed in Eq. 26, are 
easily performed and substituting these results into Eqs. 26 
and 31 yields the expression: 

where p=o(uC)- '  and q5 is the void to total volume ratio. 
Note to equate the three ul integral forms that appear in Eq. 
36, the vector relation &= - u~ ( _ r )  must be used in the K, 
double surface integrals.The fofms of u,, u2, and u3, and the 
values for a spherical void are given in terms of the Knudsen 
number: 

Kn = P/(2u) (37) 

as 

= 1 - 2Kn2 + 24Kn4 - 2Kn exp (- Kn- ' ) 
[1+5Kn+ 12Kn2+ 12Kn3] (39) 

= 1 - (4Kn/3) - 2Kn2 + 32Kn4 - 2Kn exp ( - Kn- ) 

x[1+7Kn+16Kn2+16Kn3] (41) 

and 

= 1 - 6Kn2 + 48Kn4 - 2Kn exp ( -  Kn- I )  

x [ 1 + 9Kn + 24Kn2 + 24Kn3]. (43) 

It is of some interest to examine the structure of the vari- 
ational solution. In terms of the various u functions (Eqs. 38- 
43) and the thermal accommodation a, a quantity X, with the 
units of thermal conductivity is defined: 

U C X ;  ' = (53 ( u p 3  - u f )  - 1  + (1 - a)a - 1  (44) 

When the variational principle (Eq. 36) is successively mini- 
mized with respect to p, V ,  and {, and the three extremum 
equations are simultaneously evaluated for their optimum val- 
ues po, v,, and lo, we obtain: 

w o  ( 1 - 4  ".( 3Xs ) 
Po=-=- -  ~ U C  a UC 2X,+X, (45) 

or alternatively, 

w, = [( 1 - a)/a]h,( 1 - 2{,) (46) 

after substituting into Eq. 45 the minimizing value of {, 

We find as well: 

and finally the slab conductivity: 

h,SX,[l -3fp(hs-X,)(2Xs+X,)-']. (48) 

Equation 46 gives the extremum value of the parameter w ,  
introduced in the trial function (Eq. 34) for E,* - CT,'. If this 
trial function (Eq. 34) had been inserted into the interface 
transport equation (Eq. 18) along with the trial function (Eq. 
32) for T,', the parameter w would have been specified in terms 
of a, A,, and {. In a variational calculation it is usually always 
better to  leave a parameter free to  vary, because if the trial 
functions are not exact, the parameter will select its best op- 
timizing value. But in this case both the variational optimi- 
zation of Eq. 36 and the interface transport Eq. 18 give the 
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same optimum form (Eq. 46) of a. The form (Eq. 33) of lo 
has already been identified, earlier in the article, as the exact 
form of { for the thermal profile of a spherical void of con- 
ductivity A, encased in a large slab of conductivity A,. The 
variational upper bound expression (Eq. 48) for the net slab- 
void conductivity A, can also be shown to be the correct form 
of X, for a single sphere in a large slab (Devera and Strieder, 
1977). The parameters and net thermal conductivity are the 
appropriate forms of Maxwell's solution of the single sphere 
problem, provided we identify A, from Eq. 44 with the void 
gas thermal conductivity. Indeed in cryogenic design (Kaganer, 
1969), one usually derives a Knudsen-transition-bulk void gas 
thermal conductivity A,; then in the modeling equations for 
the insulation, treats the gas phase as a simple Fourier con- 
ductor. The gas conductivity (Eq. 44) for A, is precisely that 
expression for a spherical cavity. 

In the context of the cryogenic insulation equations, the A, 
form (Eq. 44) will appropriately include any temperature jump 
at the void-solid interface in the insulation conductivity at an 
arbitrary gas pressure. The variational parameter v from the 
gas-phase trial temperature (Eq. 35) is a direct measure of 
void-solid interface temperature jump for a spherical cavity, 
that is for a continuous temperature at the interface v = 1 
and for the most severe jump with no thermal gradient in the 
sphere u = 0. The optimum value u, of the parameter (Eq. 
47) from Eqs. 39, 41, and 43 is shown in Figure 3 plotted vs. 
the inverse Knudsen number Kn-' for various values of the 
thermal accommodation coefficient a from 1 to 0.01. Knudsen 
and bulk plateaus are evident for any a and at low gas pressure, 
high Knudsen numbers, a significant interfacial temperature 
jump (v,< 1)  is seen to occur at any a, decreasing to the extreme 
case of no void gradient at a=O. Usually inverse Knudsen 
numbers near lo3 are associated with normal atmospheric pres- 
sures. Customarily a is ignored and the handbook bulk gas 
and solid conductivities are combined with an assumption of 

1 

0.0 

0.6 

VO 

0.4 

0.2 

a continuous interfacial temperature in the transport calcu- 
lation. In Fig. 3 at the higher-pressure, large inverse Knudsen 
number, side for most a values v is nearly unity, however, the 
curves indicate that for a below 0.1, significant temperature 
jump can occur even at atmospheric pressure and above. Values 
of a this small have been recorded (Saxena and Joshi, 1981) 
and the standard gas conductivity table will give no warning 
of these difficulties. 

The variational expression A, from Eq. 44, with Eqs. 39, 
41, and 43 for ulr uz, and uj, provides a rigorous analytical 
upper bound on the void gas conductivity as a function of the 
Knudsen number. Note that a plot of A, vs. increasing A, for 
fixed T, P ,  and a should exhibit a single cross over from above 
to below the 45" diagonal line at the point A', = hi, = At,. Ap- 
plying the inequality (Eq. 48) at this point gives the expression 
(Eq. 44) for X, as a rigorous upper bound on At, and hence 
the true void gas conductivity itg. In the low pressure, large 
Knudsen number limit, the trial temperature form (Eq. 32) is 
the correct temperature profile and 

lim X, = X K n  = d a  
Kn--m 

(49) 

is the exact void conductivity as found by Tsia and Strieder 
(1985) for a spherical cavity. This result differs from the par- 
allel plate Knudsen thermal conductivity (Eq. 2)  in the accom- 
modation coefficient dependence. The 4 2  - a)- ' multiplier of 
Eq. 2 is replaced by a. While both equations are solutions to 
Knudsen heat transport, Eq. 49 represents the Knudsen con- 
ductivity with a more realistic pore geometry for a closed cell 
media (spherical void) than that of infinite parallel plates. In 
the opposite bulk pressure, low Knudsen number limit where 
a is not small, again the trial temperature functions in the void 
(Eq. 35) and solid (Eq. 32) are exact forms and from Eqs. 14 
and 37, we have: 

lim &.=A,=- (,+ - ') nkE 
Kn--0 6 7-1 

where Pis the mean free path and y is the heat capacity ratio. 
In general, A, is neither a function of pressure or pore spacing 
in the bulk limit, and like the Knudsen limit of Eq. 44 is also 
an exact solution. For a monatomic gas (y = 5/3) Eq. 50 pre- 
dicts a mean free path bulk gas thermal conductivity: 

X, = 2PnEk/3 (monatomic gas) (51) 

which contrasts with the simple kinetic theory (SKT) bulk gas 
conductivity 

0 J 
10-3 10-2 10-1 100 101 102 103 

Figure 3. Void gas temperature-jump parameter v,, for 
spherical cavity vs. inverse Knudsen number 
Kn-' ( = 2a/P) for thermal accommodation 
coefficients. 

Kn' 

y o =  1 gives a continuous gas to solid at the cavity surface, while, 
Y. = 0 corresponds to the most severe temperature jump (void gas 
gradient vanishes). 

A, (SKT) = PnEk/2 (monatomic gas) (52) 

found in Bird et al. (1960). The bulk conductivity (Eqs. 50 
and 51) contains a correction to the SKT value (Eq. 52) to 
account for the swifter molecules, which are more likely to 
transport energy. For example for a plane drawn across a gas 
the average energy of a gas molecule crossing the surface from 
above to below is not 3kT/2 as assumed by SKT, but must be 
2kT (Kestin and Dorfmann, 1971). In a given direction and 
fixed time interval, the faster molecules with higher speed and 
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kinetic energy will preferentially cross a planar surface, whereas 
the slower molecules may not make it at all. This requires that 
the SKT conductivity (Eq. 52) be increased by a factor of 41 
3, which produces the improved result (Eq. 51). If 2kTis  not 
used, the physical transport model will not satisfy the equilib- 
rium limit, for it is well known for an arbitrary plane drawn 
through a gas in Maxwellian equilibrium, the average energy 
of a monatomic gas molecule crossing the plane in either di- 
rection has to  be 2kT. Further, 2kT will agree with detailed 
balancing at  the gas surface interface. 

In between the limits Springer (1971), Kaganer (19691, and 
many others have used the series additivity interpolation for- 
mula (Eq. 1) for the void gas conductivity, and it would be 
useful to  compare this form against the variational void gas 
conductivity (Eq. 44). In Figure 1, the thermal conductivity 
ratio A;'(h,' + & ' ) - I ,  using Eq. 44 for all three conductivity 
forms, is given vs. the inverse Knudsen number for various 
thermal accommodation coefficients from 0.01 to 1. Of course 
in the limits of large and small Kn- '  a ratio of unity is obtained. 
For smaller a the series equation works well a t  any gas pressure. 
At higher accommodation, an absolute minimum deviation of 
A, (series) A; ' of 5-6% at a = 1 and K n  = 1/2, is still reasonable 
agreement. The minima in Figure 1 lie slightly toward the lower 
Knudsen number side and tend to  shift further in this direction, 
but decrease in magnitude, as thermal accommodation de- 
creases over the physical range of a values from 1 to  0.01. 

The solid lines in Figures 4a and 4b, which give the dimen- 
sionless gas-phase conductivity A,/A, vs. the inverse Knudsen 
number Kn- '  from Eqs. 44 and 50, generate the familiar S 
curves for various thermal accommodation coefficients a. In 
practice a values near unity d o  occur, and a is rarely below 
0.01, so for a spherical void the range of possible A,/A, values 
lies between the extreme right- and left-solid curves. The solid 
line S curves have two plateaus, a Knudsen plateau below 
Kn-' = and the bulk, continuum plateau of unity at higher 
above Kn- ' = lo3. Between these plateaus, the gas conductivity 
drops significantly with decrease in Kn-l (drop in pressure). 

I I 

For CY < 0.1 the consequence of the bulk plateau shift t o  higher 
Kn-' (larger pressures) has already been discussed in Figure 3 
and related to  the presence of temperature jump. 

Harper and El Sahrigi (1964) have measured the effective 
thermal conductivity of a polyurethane foam using a series of  
void gases, H2, He, Ne, N,, C02 and Freon 12 with increasing 
molecular weight, respectively, 2, 4, 20, 28, 44, and 121. The 
foam conductivities for each void gas were determined over a 
pressure range from atmosphere to 0.005 mm Hg and at a 
constant average temperature of 35°C. They recorded a foam 
void fraction'q5 as 0.85 and a pore diameter range of 200-600 
microns, from which we will use the midpoint value. The 
thermal conductivity of the solid plastic polyurethane 
(A,=0.095 W/mK) was measured in situ during the experi- 
ments. The data is interesting because for a single characterized 
foam and at  a fixed average temperature the overall conduc- 
tivity for various void gases with increasing molecular weight 
provide a means to  study molecular mass rn effects on a. 

Russel's equation has been recommended and used by Ka- 
ganer (1969) for cellular foam materials in his monograph on 
cryogenic insulation to  calculate Aefr given A,, A,, and 4: 

It is reasonable given 4, A,, and Xefr to  use the same equation 
to back out A,, which provides from Harper and El Sahrigi's 
data (1964) void gas conductivity pressure curves for the var- 
ious gases. The pressure values p for the various gases are 
converted to inverse Knudsen numbers to  standardize the curves 
for comparison by: 

(54) 

where gas bulk conductivity A, values and heat capacities 

.= = 1.2 : ' ' ' ' ' ' a '  ' """" ' """" ' """" ' """" ' """" ' " '  

0.8 

0.2 

0 

Kn-' Kn.' 

Figure 4. Dimensionless void gas thermal conductivity (A&,) vs. dimensionless gas pressure (Kn-I). 
S curves for various thermal accommodation coefficients are from mean free path theory, Eq. 44. Various points refer to experimental conductivities 
(Harper and El Sahrigi, 1964) for gases with increasing molecular weight. Lighter gases, HI (2), He (4), and Ne (20). in Figure 4a show an increasing 
trend in a with molecular weight, and the heavier gases in Figure 4b, N: (28), C 0 2  (44), F-I2 (121), display the decrease in a with increasing molecular 
weight, which starts with Ne. Experimental results suggest a maximum a value between He and Ne. 
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are readily available and the mean thermal speed V 
[ =Jm]. Since the data points overlap, the S curves 
are split into the lighter H,, He, and Ne in Figure 4a and the 
heavier gases N,, C02. and Freon 12 in Figure 4b. The ex- 
perimental bulk gas conductivities on the right side of Figure 
4a show that Russel's equation works very well for light mol- 
ecules. That the gas bulk conductivities of the heavier C 0 2  and 
Freon 12 lie above one in Figure 4b is consistent with their 
higher XJh, ratio values, respectively, 5.6 and 9.2. At lower 
Knudsen gas pressures, and even larger XJh, ratios, the dif- 
ficulties with Russel's equation appear to be symmetric. 

The shape of the experimental X,/X, curves in Figures 4a 
and 4b are qualitatively similar to the variational S curves as 
expected. These experimental points were calculated from Xeff 
vs. pressure data using no adjustable constants. While the cell 
diameter is approximate and the actual foam cells are not 
identical spheres, the experimental X,/X, curves always lie to 
the left of the a= 1 curve and to the right of the curve for 
a = 0.01 predicted by mean free path theory. The experimental 
data points in Figure 4a suggest a thermal accommodation 
coefficient for H2 on polyurethane of about 0.4. Accommo- 
dation seems to increase from the H2 values to about 0.7 for 
the heavier molecules He and Ne. Then, in Figure 4b with 
increasing molecular mass N2, C02,  and F-12 show a decreasing 
trend from a = 0.4 for H2 down to a minimum a value of just 
under 0.2 for F-12. That a maximum appears between He of 
molecular weight 4 and Ne with molecular weight 20, in the 
range of the dominant atomic species on the polyurethane 
surface, seems to agree with those molecular theories for a 
that have their origins in Baule's molecular collision theory 
(Saxena and Joshi, 1981). 

Summary and Conclusions 
In this article, mean free path gas kinetic theory was used 

to model the conductive heat transport of a gas within a void 
volume enclosed in a Fourier solid as a function of pressure. 
A variational upper bound principle on the thermal conduc- 
tivity of a slab containing a void of arbitrary shape was derived. 
A variational upper bound for the gas conductivity in a spher- 
ical void valid from the Knudsen to the continuum limit was 
calculated. The following results and conclusions were ob- 
tained: 

(1) The trial function optimization produced a temperature 
jump coefficient equation. We found that temperature jump 
will occur either at low pressure for any thermal accommo- 
dation coefficient or for a small a (a < 0.1) even at atmospheric 
pressure and above (Figure 3). 

(2) A rigorous upper bound variational equation for the 
void gas conductivity valid from the Knudsen to the continuum 
limit was derived for a spherical void. The equation was shown 
to be exact in both the large and small Knudsen number limit. 
The validity of a correction factor of 4/3 for the simple mean 
free path bulk thermal conductivity was established. 

(3) The reciprocal additivity interpolation formula was dem- 
onstrated to be a reasonable approximation in the spherical 
void, gas thermal conductivity problem. (It had been justified 
previously only in the mass-transfer problem.) Reciprocal ad- 
ditivity is very accurate for smaller thermal accommodation 
coefficients, but does give a measurable error (6Yo) for higher 
a and 0.1 < Kn < 10 (Figure 1). 
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(4) Experimental heat conductivity vs. pressure data (Har- 
per and El Sahrigi, 1964) were converted to dimensionless, 
standardized forms of the void gas to bulk thermal conductivity 
ratio vs. inverse Knudsen number curves, and compared with 
good agreement to mean free path theory S curves from Eq. 
44 drawn for various a in the range 0.01 < a < 1. That thermal 
accommodation coefficients for polyurethane surfaces at 35°C 
start for H, roughly at 0.4, go through a maximum somewhere 
between He and Ne of about 0.7, then decrease with increasing 
molecular weight down to below 0.2 for F-12 (Figures 4a and 
4b), agrees qualitatively with the maximum in a with the masses 
of the gas predicted by Baule's theory (Kennard, 1938; Saxena 
and Joshi, 1981). The results in Figure 4 show that the shift 
in the S curve with the thermal accommodation coefficient a 
will enhance the insulating ability for the heavier molecules, 
and in some instances a small a<O.Ol for a lighter gas might 
even balance the higher thermal conductivity. 
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Notation 
a =  

c ,  = 
cp = 
c =  

d2_r = 
d3_r = 
E, = 

E,, E,' = 

E,  = 

Em, Em' = 

P =  
L =  
- n =  
P =  
- Q =  

[, [' = 
- R =  

TB9 = 
To, = 

T =  

T,  = 

v, = 
vm = 

- 
v =  
V =  

x =  
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sphere radius 
constant volume heat capacity 
constant pressure heat capacity 
defined in Eq. 14 
differential element of surface 
differential element of volume 
energy flux of gas molecules incident to sur- 
face 
energy flux and energy flux trial function of 
gas molecules leaving surface 
energy flux of gas molecules in equilibrium 
with the surface leaving surface 
total energy of the gas molecules that undergo 
a molecule-molecule collision within a unit 
volume at L and are emitted from that volume 
per unit time and trial function 
unit vector across the slab in the direction 
from x=O to x = L  
Boltzmann constant 
Knudsen number, = P/2a 
free path probabilities surface collision at _r 
to surface collision at r ' ,  void molecular col- 
lision at to surface collision at r ' ,  surface 
collision at _r to void collision at r '  and void 
molecular collision at _r to void collision at 
_r, given by Eqs. 3-6 
mean free path of gas molecules 
slab thickness 
particle (molecule) number density 
average pressure of the gas in the void 
net heat flux across plane of slab in x direc- 
tion per unit total cross section 
location vectors in the slab 
radial vector pointing away from the center 
of a sphere 
trial temperature of gas phase 
constant temperatures at x=O and x =  L 
average temperature ( TL + T0) /2  and surface 
average temperature of spherical void 
temperature of wall 
mean thermal speed 
total volume of the slab 
total solid volume 
total void volume 
coordinate running from 0 to L across slab 
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Greek letters 
CY = accommodation coefficient 
- 6 = defined by Eq. 25 
y = heat capacity ratio, cp/ct. 
6 = distance dimension in Eq. 2 

6T, 6E,, 6E, = variations in T, E,, and Em 
{, c,, = variational parameter in Eq. 32 and optimum 

value 
q = unit surface normal pointing away from the 

solid 
0 = temperature gradient defined by Eq. 25 

- 

A: = effective conductivity 
X: = true spherical pore gas conductivity 
Xg = upper bound on void gas conductivity, Eq. 

44 
A,, = Knudsen gas conductivity 

X, = continuum gas conductivity 
A, = solid conductivity 
A = defined by Eq. 26 

p ,  fro = variational parameter introduced in Eq. 36 
and optimum value 

P, P, = variational parameter in Eq. 35 and optimum 
valye 

p = = r  -r ,  relative position vector 

C = void-solid interface 
ul,  a,, u; = d8inea in Eqs. 38, 40,and 42 

C,, C, = planer surfaces located at x = O  and x = L ,  
respectively 

6 = void fraction or sphere void to total slab vol- 
ume ratio 

x = defined by Eq. 8 
J. = = nV/4 or P(Z?rmkT)”’, effusive mass driv- 

ing force 
W ,  w, = variational parameter in Eq. 34 and optimum 

value 
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